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Q1  Answer the following questions : (2 x 10) 

 a) If 푥 is real then find (푚∗[푥]).  
 b) If 퐹 is a measurable set and 푚∗(퐹∆퐺) = 0 then show that 퐺 is measurable.  
 c) If {퐸 } be a sequence of measurable sets and 퐸 ⊆ 퐸 ⊆ ⋯ then show that 

                                   푚 lim퐸 = lim푚( 퐸 ) 
 

 d) Show that if 푓 is integrable then 푓 is finite-valued a.e.  
 e) Is every measurable set a Borel set? Give reason.  
 f) If 퐴 be any set and {퐸 }  a finite disjoint collection of measurable sets then 

show that 푚∗(퐴 ∩ [⋃ 퐸 ]) = ∑ 푚∗(퐴 ∩ 퐸 ). 
 

 g) If 푓 is non-negative measurable function then show that 푓 = 0 a.e. if and only if 
∫ 푓  푑푥 = 0. 

 

 h) Show that the Lebesgue set of a function 푓 ∈ 퐿(푎, 푏) contains any point at which 
푓 is continuous. 

 

 i) Show that ∫
∞ = ∞.  

 j) If ∅ is a measurable simple function then show that ∫ ∅ℝ 푑푥 = ∑ 푎 푚(퐴 ∩ 퐸) 
for any measurable set 퐸. 

 

    
Q2 a) Show that for any set 퐴, 푚∗(퐴) = 푚∗(퐴 + 푥) where 퐴 + 푥 = {푦 + 푥 ∶ 푦 ∈ 퐴} (5) 

 b) Show that the outer measure of an interval equals its length. (5) 
    

Q3 a) Show that the class of all measurable sets is a 휎 − algebra. (5) 
 b) Suppose that 푓 is any extended real-valued function which for every 푥 and 푦 

satisfies 푓(푥) + 푓(푦) = 푓(푥 + 푦). Show that if 푓 is measurable and finite then 
푓(푥) = 푥푓(1) for each 푥. 

(5) 

    
Q4 a) Show the following statements regarding the set 퐸 are equivalent: 

i) E is measurable,  
ii) for all 휀 > 0, there exist 퐴, an open set, 퐴 ⊆ 퐸 such that 푚∗(퐴 − 퐸) ≤ 휀.   
iii)  there exist 퐺, a 퐺  set, 퐺 ⊇ 퐸 such that 푚∗(퐺 − 퐸) = 0. 

(5) 

 b) State and prove Lebesgue’s dominated convergence theorem. (5) 
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Q5 a) Is every interval measurable? Give reason. (5) 
 b)  Show that there exist uncountable sets of zero measure. (5) 
    

Q6 a) Are continuous functions measurable? Give reason. (5) 
 b) Show that 푓 ≤ 푒푠푠 sup 푓, a.e. (5) 
    

Q7 a) Find lim∫
( ) /

∞ . (5) 

 b) Show that a function 푓 ∈ 퐵푉[푎, 푏] if and only if 푓 is the difference of two  (5) 
    

Q8  Write short Notes on :  

 a) Find lim∫  푑푥.∞  (5) 

 b) State and prove Lebesgue’s differentiation theorem. (5) 
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